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HYPERBOLICITY OF SEMIGROUPS AND FOURIER 

MULTIPLIERS 

YURI LATUSHKIN AND ROMAN SHVIDKOY 



Abstract. We present a characterization of hyperbolicity for strongly 

*^ , continuous semigroups on Banach spaces in terms of Fourier mul- 

tiplier properties of the resolvent of the generator. Hyperbolicity 
with respect to classical solutions is also considered. Our approach 
unifies and simplifies the M. Kaashoek- S. Verduyn Lunel theory 

\^^ \ and multiplier-type results previously obtained by S. Clark, M. 

,J^ ' Hieber, S. Montgomery-Smith, F. Rabiger, T. Randolph, and L. 

t^ : Weis. 



1. Introduction 

Suppose X is a complex Banach space and T = {Tt)t>o is a strongly 
ly^ I continuous semigroup of operators on X. Let A denote its infinitesimal 

O ■ generator. 

j^^ ■ An autonomous version of a well-known result that goes back to O. 

O '. Perron says the following: a homogeneous differential equation ii = Au 



admits exponential dichotomy on M if and only if the inhomogeneous 
equation ii = Au + f has a unique mild solution u G F(]R; X) for each 
/ G -F(R; A), see |PK]| or [ [LZ|| , and ||CL|| , and the literature therein. 



Here F(R; A) is a space of A- valued functions, for instance, F(R; A) 
Lp(M; A), 1 < p < cxD. The exponential dichotomy for ii = Au means 
^ ■ that the semigroup generated by A is hyperbolic, that is, condition 

[X^ '. a{Tt) n {1^1 = 1} = 0, t ^ 0, holds for the spectrum a{-). 

Passing, formally, to the Fourier transforms in the equation ii = 
Au + f we have that the solution u is given hy u = Mf, where M : 
/ I— i> [R{i-; A)/]"^ , R{\; A) is the resolvent operator, and A, V are the 
Fourier transforms. Thus, heuristically, the above-mentioned Perron- 
type theorem could be reformulated to state that the hyperbolicity of 
the semigroup is equivalent to the fact that the function s h-> R{is] A) 
is a Fourier multiplier on Lp(R; A), 1 < p < oo, see, e.g., [^, |H1|| for the 
definition of Fourier multipliers. One of the objectives of the current 
paper is to systematically study the connections of hyperbolicity and 
Lp-Fourier multiplier properties of the resolvent. 
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The use of Fourier multipliers for stability and hyperbolicity for 
strongly continuous semigroups has a fairly long history. To put our 
paper in this context, we briefly review relevant results. Probably, the 
first Fourier multiplier type result was obtained in the important pa- 
per |[KVL|| by M. Kaashoek and S. Verduyn Lunel. These authors used 
scalar functions ("matrix elements" of the resolvent) defined by 

rp{s,x,x*) = {x*,R{p + is;A)x), peR, s eR, x e X, xeX*. 

They proved that T is hyperbolic if and only if the following two con- 
ditions holds: 

(i) |(rp, $)| < ii'||x||||x*||||l'||Li for some K > 0, po > and all p with 
IpI < Po and all $ G iS, the Schwartz class of scalar functions on 



(ii) the Cesaro integral 

Gqx = — (C, 1) / R{is; A)xds 

2vr Jk 



N rl 



— lim — / / Riis, A)xdsdl 



converges for all x E X. 



Remark, that one of the results of the current paper (Theorem p.7|) 
shows that condition (ii), in fact, follows from (i). 

L. Weis in [ |W2|| used Fourier multipher properties of the resolvent on 
Besov spaces to give an alternative proof of the fact that the supremum 
uJa(T) of the growth bounds of "a-smooth" solutions TtX are majorated 
by the boundedness abscissa Sq{A) of the resolvent. Remark, that in 
Section 3 of the present paper we derive a formula (Theorem |3.(j| ) for 
uJa{T) in terms of Fourier multipliers on Lp. Moreover, in Sections 4 
and 5 we use Fourier multipliers to study an analogue of dichotomy 
(hyperbolicity) for the smooth solutions. 

A similar formula for ci;o(T) in terms of the resolvent of the generator 
was obtained in ||CLRM |, see also [ LMS ] and formula (5.20) in | CL | 



Formally, Fourier multipliers have not been used in |[LMS|| and [|CLRM |. 



see 



The hyperbolicity of T was characterized in ||LMS|| and [PLRM 
also [|CL |, in terms of the invertibility of generator F of the evolution 
semigroup {E^} defined on Lp{R;X) as {E^f){T) = e^'^fir — t). How- 
ever, a simple calculation (see Remark 2.2 below) shows that F^^ = 
—M. Thus, formula (5.20) in [|CL|] for the growth bound of T is, in fact, 
a Fourier multiplier result that is generalized in Theorem ^]6| below. 

Via completely different approach based on an explicit use of Fourier 
multipliers, M. Hieber [[H^] gave a characterization of uniform stability 
for T in terms of Fourier multiplier properties of the resolvent. Also, 
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he proved a formula for ci;o(T) that is contained in Theorem |3.6| when 
a = 0. An important ingredient of his proof was the use of well-known 
Datko-van Neerven Theorem saying that T is uniformly stable if and 
only if the convolution with T is a bounded operator on Lp(M;X). 
Since the resolvent is the Fourier transform of T, the Fourier multipliers 
characterization of uniform stability follows. 

Among other things, this result with a different proof was given 
in [[LR|| , where Datko-van Neerven Theorem was also used. In fact, 
Theorem |3.6| was proved in | [LK] | for a = or a = 1. Also 

LMIJ| ] was explained in ||LK 



tral mapping theorem from 



a spec- 
using Fourier 



multipliers instead of evolution semigroups. In addition, a particular 



case of Theorem 4J. of the current paper (with a different proof) was 
established in 



LR 



Thus, in the present paper we use new technique 
to "tie the ends", and give a universal treatment for the results in 
KVL , CLRM , H2 , LR ] in a more general context. 

Acknowledgment. Yuri Latushkin was supported by the Summer 
Research Fellowship and by the Research Board of the University of 
Missouri. He thanks S. Verduyn Lunel for fruitful discussions during 
his visit to Amsterdam; without these discussions this paper would 
has not been written. Roman Shvidkoy was partially supported by the 
NSF grant DMS-9870027. 

2. Characterization of hyperbolicity 

Let us fix some notation: 

• T ={Tt)t>Q is a strongly continuous semigroup on a Banach space 
X with the generator A; 

• C{X) - the set of bounded linear operators on X; 

• R{\, A) = -R(A) is the resolvent of A; 

• uq = uJoiT) denotes the growth bound of T, i.e. uJo(T) = mi{uj E 
M: llTill <M^e-*}; 

• So{A) denotes the abscissa of uniform boundedness of the resol- 
vent, i.e. So{A) = inf {s e M : sup{||i?(A)|| : ReA > s} < oo}; 

•) = rp{s) = {x*, R{is + p)x) ; s G M, X G X, X* G X*, 

• 'm = Ufis)e-^''ds; fit) = J-J^f{s)e^st^s; 

• S stands for the class of Schwartz functions; 

• (r, $) denotes the value of a distribution r on $ G 5. 

Definition 2.1. We say that the semigroup T is hyperbolic if there is 
a bounded projection P on X , called splitting, such that PTt = TfP for 
allt>0 and there exist positive numbers u and M such that 



ri Q nc If 



pe 



1. llTixll < Ke 



-Ult I 



X. 



I , for all t > and x G Im P, 
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2. ||Tix|| > i^e'^'llxll, for all t < and x e KerP. 
The semigroup T is called uniformly exponentially stable if P = I . 

In other words, conditions 1 and 2 say that {Tt)t>o is uniformly 
exponentially stable on ImP ; all the Tj's are invertible on KerP and 
the semigroup {T_t)t>o is uniformly exponentially stable there. 



Definition 2.2. The function 
Git) = 



TtP, t > 

-Tt{I-P), t<0 

is called the Green's function corresponding to the hyperbolic semigroup 
T. 



Definition |2.1| allows an equivalent reformulation in terms of spectral 
properties of T. Namely, T is hyperbolic if and only if the unit circle T 
lies in the resolvent set of Tj for one/all t (see [ |h]M| , Proposition V.1.15]). 

Let us recall the following inversion result. 

Lemma 2.3. Suppose p > Sq{A) and x G X, then 

Ft{x) = —{C, 1) / e^'R{\)xd\, t G R, 

2vr« jRe\=p 

where Ft is defined as 

(Ttx, t>0 
Ft{x) = hx, t = 0. 

[o, t<0 

In particular, f'p{t,x,x*) = e~^*(x*, Pi(x)). 



The proof can be found in [|vN| , Theorem 1.3.3]. See also Corollary 



3.5 



Below we establish some algebraic properties of the distributions fp 
for small |p| without any additional assumptions on So{A). The reader 
will easily recognize the semigroup properties, in the case So{A) < 0. 

In order to be able to threat rp's as distributions and to justify some 
computations, we assume that the function s i-^ ||P(is)|| is bounded 
on M, though the proofs below require merely that this function grows 
not faster then a power of |s|. 

Lemma 2.4. //r > 0, then 

fo{t-T,TrX,X*) = fo(t,x,x*) - {x*,Ttx)x[o,T](t), t eR. 
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Proof. Let us take arbitrary $ G 5. Then 

(fo(--r,T.a;,x*),$) = (fo(-,T,a;,x*),$(- + r)) 

/ + 00 
{x*,R{is)e~''^Trx)^{s)ds. 
-oo 

Note that 

(1) e-''^R{is)TrX = R{is)x- f TrX ■ e-'^'dr. 

Jo 

Continuing the hne of equahties, we obtain: 



{fo{- -T,TrX,x*),^) = / {x*,R{is)x)^{s)ds 

J — oo 

/ + 00 / /"'" \ 

/ X*, / Tre-'''xdr ) ^s)ds = (fo, $) 



- / {x*,TrxMr)dr = {fo- {x*,T.x)x[o,r]i-),^)- 
Jo 



n 



Lemma 2.5. fo{t,T^x,x*) = fo{t,x,T*x*), r > 0, t G M. 

The proof is obvious. 

Lemma 2.6. 'ro(t) = e''^fp{t) for all p with \p\ < po (^nd t ^W. 

Proof. We choose po such that sup{||i?(is + p)|| : s G M, \p\ < po} is 
finite. Suppose $ G 5 has compact support. Then $ is an entire 
function. Moreover, 

(2) lira ^{a + iP) = 0, 

a~*oo 

uniformly for all j3 from some finite interval [a,b]. It is an immediate 
consequence of the following equality: 



<|.(a + ip)= I e^''^{x)e"'''dx = -— I [/3e'^^$(x) + e'^^$'(a;)]e*"^rfa:. 

ia 
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Now using Cauchy's theorem and (0) we get 

(fp, $) = (rp, $) = / {x\ R{is + p)x)^{s)ds 

Jr 

{x*,R{i{s-ip))x)^{s)ds= / {x*, R{i\)x)^{\ + ip)d\ 

JR-ip 

{x* , R{is)x)^{s + ip)ds 



+ 2i lini / {x*,R{i{a + ip))x)^{a + i{p + p))dp 



(x*, R{is)x)^{s + ip)ds = (ro, $(■ + ip)) 
= {fo, €-"■<!>), 
and the result follows. D 

Now we are in a position to prove our main theorem. Let us denote 
by Mp the operator acting by the rule 

Mp-.f^ [Rit ■ +p)fY. 

Recall that a function m G Lao{R; C{X)) is called a Fourier multiplier 
on Lp{R;X) if the operator M : f \-^ [m(-)/]^ is a bounded operator 
on Lp{W;X). Let Li_oo(K;-^) denote the weak-Li space with values 
in X (see, e.g., |^, 1.18.6]), that is, the set of all X-valued strongly 
continuous functions / with the finite norm 

Li.oo := sup James (^{s G M : ||/(s)|| > a}) < oo} . 

Note that Li,oo(K;X) C Li{R;X). 

Theorem 2.7. For a strongly continuous semigroup T on X the fol- 
lowing conditions are equivalent: 

1) T is hyperbolic; 

2) R{i-) is a Fourier multiplier on Lp{R,X) for some/all p, I < p < 
cxo; 

3) There exists a po > such that for all p with \p\ < pq, Mp maps 
Li(M,X) zntoLi,oo(M,X); 

4) There exists a po > such that for all p with \p\ < po and all 
^ e S we have \{rp, $)| < /rpHxllHx*!!!!*!!!!. 
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Furthermore, if one of these properties holds, then for every t eM. and 
X E X the integral 



G{t)x = —{C, 1) / R{is)xe'''ds 



converges and represents the Green's function ofT. Moreover, M^f = 
G * f for f G Li(R, X), and the splitting projection is given by the 
formula 



(3) 



P = h + GiO). 



Proof. 1)^4). This is a part of Theorem 0.2 from | |KVL| |. 

4)^2). It follows from 4) that fp G L^o, \p\ < po and ||rp||oo < 
-^pll^llll^*!!- By Lemma plG] , fo(t) = e~P*f_p{t) a.e. and fo(t) = e''^fp{t) 
a.e. for some p > 0. So, |ro(t)| < C'l'li^HxHHa;*!! a.e. for every x G X 
and X* G X*, where K = m.ax{Kp, K_p}. Now let us fix p, 1 < p < oc, 
and consider a function $ = Yl^=i ^k ® ^k, where $fc G 5 and {^k} 
have disjoint supports. Then ||$||^ = Yl^=i W^kVW^kW^L ■ So, we get 
the following estimates: 



|Mo($) 



/ Mo($)(t 


' '* ^ 21 /. 


/ R{is)^{s)e'''ds 

Jr 

ID 


— / sup 

-TT Jr\\x*\\<1 


V / ro{s,Xk,x*)^kis)e''^ds 

k=i^^ 


V 


— / sup 

'^ Jm |ix*||<l 


) ] / ro(r,a;fc 


x*)$4t-r)rfr 


dt 



dt 



< K^ 



K'f 



,fc=i 



z-P^^^WxklWMt - r)\dr ] dt 



< CpRP 



CpRP 




j e-''\^\ (^||xfe|||$fc(t-r)| Urj dt 
e-p\^\ f^||xfcl||<l>,(t-r)|| drdt 

» n 

■^^ k=l 
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Since the functions $ are dense in Lp(R, X), the proof of 4)^2) is 
finished. 

2)=^1). Suppose 2) holds for some p, 1 < p < oo. Then, by the 
transference principle (see, for example, ||SW| , Thm. VII. 3. 8]), {R{ik + 
iC,)}k£Z is a multiplier in Lp{T,X) for all ^ G M, where T is the unit 
circle. So, using results from | [L1V1S| , Theorem 2.3] or [ [LK] , Theorem 1], 
we conclude that e^'^*^ G p{T2-n) for all ^ G M. Thus, T C p(T'2^) and 
hence T is hyperbolic. 

This completes the proof of 1)<^2)<^4). 

2)^3). It is easy to see using the resolvent identity, that there exists 
a po > such that R{i ■ +p) is a //i(IR, X)-multiplier for all p such that 

IpI < Po- 
3)^4). Without loss of generality, assume p = 0. Denote 

H = sup ||Tt-|| 

0<T<1 

and fix X G X, X* G X*, \\x\\ = \\x*\\ = 1. Let us take a function 
$ G iS. By condition 3) we have 

||Mo(<l'®x)||i,oo<i^||$||l. 

So, mes{r : ||Mo(l' ® x)(r)|| > 2i^||l>||i} < i. This implies that there 
is a r, — 1 < r < 0, such that 

\\Mo{^ x){t)\\ <2/r||<l||i. 

Let us apply the functional T*^x* to the left-hand side of the inequality. 
Then we have: 

I— < TIX, [R-^^® xY{t) > I < 2fiKC\\^\i. 
2n 



By Lemma p.4| and |2.5| the expression under the absolute value sign is 
equal to 

fo{;X,TlX)*Hr) = {fo{-,T_,x,x*),^r--)) 



= (fo(- + r, r_,x, X*), $) = (fo(-, X, X*), $) - / (x*, TtxMt)dt. 

Jo 

By the triangle inequality, we have 

|(ro(-,x,x*),$)|<2irp||<l>||i+p||<l>||i<3irp||<l>||i, 

which is what we wanted. 

Now we turn to the second part of the theorem. First, we prove an 
auxiliary Fejer-type lemma (probably, well-known). 
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Lemma 2.8. /// G Li{M.,X), then the integral 

converges to f{t) a.e. Moreover, 

f = —Li - lim — / / f(s)e''-ds. 
Proof. 



1 1 /-^ /-^ . 1 /-^ . / \s\ 

"N I'+oo 

27r 



fir)— / e'^^*-"^) l-U W/st/r. 



The inner integral is equal to K^{t—r) = ^j^(l_j.^2 [1 — cos A^(t— r)]. One 
can easily check that Kn is a positive kernel in Li, that is, {Kn * /)(■) 
tends to /(•) a.e. and in Li as A^ — *> oo. D 

Suppose / e Li(M). Then by 2) we have that Mo{f®x) G Li(M,X). 
By Lemma \2.8\ , there is a r G (—1, 0) such that 

Mo(/ ® x)(r) = ^{C, 1) /" /2(^s)x/(s)e*^^rfs. 

Let us apply the operator T_^. Then using (|l|) we obtain: 

T_.([i?/®x]^(r)) = ^(C,l) f Rits)T^rXe''^f{s)ds 

= -^(C,l) f \R{is)xfis) 



27r 

Since 

1 1 /-^ /•' ^ 
/(-r) = Li - hm -- / / fis)e-^dsdi 

and Vif = L '^ TrX ■ ip{r)dr is a bounded linear operator from Li 
to X, we conclude that the {C, l)-integral of the second summand 
converges and equals Jq ^ TrX ■ f{—r)dr. This means, in particular. 
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that ^{C,l) J^R{is)xf{s)ds converges. Let us denote it by ^(0,/). 
Also let 



G(t,/) = G(0,/(--t)) = ^(C,l) / R{is)xf{s)e'^'ds 

Zn 



ioT f E Li, t E M., X E X . Now we introduce the following operators: 



sW,^) 



(4) 



1 1 



N re 



R{is)xf{s)e'''dsdi 



J-e 

N ri 



27rNJo J^e 



R{is)xe'''dsdL 



It is easy to see that ||S'|^(/, a;)|| < (^atII/IIlJIxII. On the other hand, 
we have just proved that G(t, f)x = \im.iy_^oo Sj^{f,x) exists for all 
f E Li, X E X. So, by the boundedness principle for bilinear operators, 
II '5^11 ^ C, where C does not depend on A^ and t. 

Let /e, e > 0, be a kernel in Li(M), that is, /^ * $ — i> $ as e — >■ for 
each $ E Li{R). Then Ij^{x) = Mm^^o S^j^if^, x) and hence, ||/^|| < C. 

Let us show that G{t)x = lim.N^oo InI^) exists for all x E /^(A^). 
This will be enough to prove that G{t)x exists for all x E X. Fix 
X E D(A^) and notice that 



lUx) 



'N 



1 1 

2^iV 



N t 




R{is)xe'''dsdi 



-i 



1 e 



N 



±ljJRi,s).e'-'isM^±l^j JRi 



is)xe dsdi 



-e 



1 1 



1 |s|<l 



N 



R{is)xe'''dsdi 



1 l<|s|<£ 



1 e 



1 1 



, , R(is)xe'''dsdi + —— — - I R(is)xe'''ds 
27iN ^ ' 271 N ' ^ ' 




-e 



1 1 

2^iV 



N 



1 "'l<|s|<^ 



|s|<l 

R{is)A'^x X Ax 



+ — - 



e'^'dsdi. 
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So, 



lim lirix) 



N^oo 



'N\ 



(5) 



+ 



1 

2^ 

1 

2^ 

X 

27ri 



s\<l 



R{is)xe ds 
Ax R{is)A'^x 



s|>l 



e'^'ds 



stn(s 



ds-XR\{o}{t). 



Finally, it is only left to verify that G{t) is indeed the Green's func- 
tion. Let us prove the first equality in Definition 2^, the second one 
being analogous. We have 

11/" 

Tt-Px = -TrX H (C, 1) / R{is)xTrXds 

2 27r Jk 

= -TrX + —{C, 1) / R{is)xe'''ds 

2 27r J^ 



(C, 1) / / Trxe-'^'dr ■ e''^ds 

27r JR Jo 

= G{t)x + -T^a; — -TrX = G{t)x, 

where we use the ordinary Fejer's theorem. 

It follows from the above that G{t) is an exponentially decaying 
function. So, / i— >• G * / is a bounded operator on Li. On the other 
hand, Mq* = G * $ for all $ G S. Hence, Mq/ = G * / for all / G Li. 

The proof of (^) can be found in | |KVL| |. D 



Corollary 2.9 (|]^, |^). Suppose X is a Hilbert space. Then the semi- 
group T is hyperbolic if and only if the resolvent R{X, A) is bounded in 
some strip containing the imaginary axes. 



Remark 2.10. Condition 3) can be considerably weakened in the fol- 
lowing way. Suppose F is a space of functions on M with the following 
property: for any f E F there is a t G [—1, 0] such that |/(t)| < c||/||ir. 
Many quasi-normed function spaces have this property, for example, 
Lq^riM), Hp(M), Go(M), or any function lattice with ||x[_i^o]ll ¥" 0- De- 
note by F{X) the space of all strongly measurable functions / with 
values in X such that ||/(-)|| ^ F. Our proof shows that it is enough 
to require that Mp maps Li{M.,X) into F{X) (see also the proof of 
Theorem 13.11) . 
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Remark 2.11. Recall that the generator F of the evolution semigroup 
(E*)t>o, defined on Lp{R,X) by (^*/)(s) = Ttf{s-t), is the closure of 
the operator —d/dt + A on the domain D{—d/dt) r\D{A). It is known, 
see ||CL| , Thm.2.39], that T is hyperbolic if and only if the operator F 
is invertible on one/all Lp{M.,X), 1 < p < cxd. This result immediately 
implies that conditions 1) and 2) in Theorem |2.7| are equivalent. Indeed, 



if X e D{A) and $ e 5, then F($ ® x) = -$' (g) x + $ ® Ax. Using 
elementary properties of Fourier transform, we have that 

MoF($(g)x) = -<l>(g)x, X e D{A) 

and 

FMo($®x) = -$(g)x, xeX, 

and the result follows. 

It is worth noting that in the special case Sq{A) < 0, by Lemma |2.3| , 



the splitting projection turns into the identity and our theorem gives 
the characterization of uniform exponential stability observed in ||LK|. 



There is a Mikhlin-type sufficient condition due to M. Hieber |HT 



for an operator-valued symbol to be Li-multiplier. Applied to the 
resolvent it yields the following: if there exists a 5 > | such that 
sup{|s|'^||i?(is)||} < cxD, then R{i-) is a multiplier. 

Yet another condition for operator-valued symbol to be a multiplier 
is recently developed in ||W1|] . It works if X is a UMD-space and says 



that if the families {i?(is)}sgK and {sR'^{is)}seR are R-bounded, then 
R{i-) is a multiplier. 

3. Extension to the case a > 

It turns out that many arguments from Section ^ work in a more gen- 
eral situation, when the resolvent multiplier is restricted to Lp(R, X^), 
where Xq, is the domain of the fractional power {A — uj)°', endowed with 
the norm \\x\\a = ||(^ — co')°x||. In this section we show that R{i ■ +p) 
is a multiplier from Lp(]R, Xq,) to Lp{M., X) for small values of p if and 
only if the following modified Kaashoek - Verduyn Lunel inequality 
holds: |(rp, $)! < i^||x||Q,||x*||||$||L^. Also in this case G{t)x exists for 
all x e Xq and is exponentially decaying as |t| — »• oo. As a by-product 
of this results we obtain the following relationship between the frac- 
tional growth bound c<Jq,(T) and its spectral analogue Sa{A) (see (|10D 
for the definitions): C(Jq,(T) is the infimum of all uo > Sa{A) such that 
R{i ■ +Lj) is a multiplier from Lp(]R, Xq,) to Lp{M., X). In the particular 
case, when X is a Hilbert space, the latter condition will be shown to 
hold for all u > Sa{A). So, Sa{A) = cUq, which gives a different proof 
of G. Weiss's [|Ws|| result for arbitrary a > 0, also obtained by L. Weis 
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and V. Wrobel in ||WW|| . The main result in this section is an extension 
of Theorem |2]^ to the case of arbitrary a > 0. To be more precise, 
we treat only conditions 2)-4), as hyperbolicity is ambiguous in this 
situation and therefore it is postponed to the next section. 



One can notice that most of the proof of Theorem |2J work for all a > 
if one replaces all X-norms by Xcj-norms. However, the "some/all" 
part of condition 2), being an easy consequence of results in |PjMS|| and 



the spectral characterization of hyperbolicity in case a = 0, requires 
some additional duality argument. 

Before we state our main theorem, let us recall the notion of frac- 
tional power of A. Suppose u > maxjcjo + 3, 3}. Denote A — u hj A^^. 
Let 7 be the path consisting of two rays Fi = { — 1 +te*^ : t G [0, +C)o)} 
and r2 = {—1 — te*^ : t G [0, +oo)} going upwards. We assume that 9, 
9 < |, is small enough to ensure the inequality ||i?(/i + co')|| < C*Y+n ^^ 
the sector generated by 7. For any a > we define A^ as the inverse 
to the operator Aj" acting on X by the rule 

K'i^) = IT-- [ f^''"R{f^ + uj)xdfx. 

Let us denote by X^ the domain of A'^ endowed with the norm ||a;||Q, = 
\\{A — uj)°'x\\. Then Xa is a Banach space and it does not depend 
on the particular choice oi u, u > uq, see [[EN|] for more information 
concerning fractional powers. 

Theorem 3.1. Assume that there exists a po > such that 
(6) sup|||^:|ReA|<po}<oo. 

Then the following conditions are equivalent: 

1) R{i-+p) is a multiplier from Lp(]R, Xq,) to Lp{M.,X), for some/all 
p, I < p < 00, and all p, \p\ < po; 

2) R{i ■ +p) is a multiplier from Lp(]R, Xq,) to E{X), for some p, 
1 < p < 00, and all p, \p\ < po, where E is a rearrangement 
invariant quasi-Banach lattice; 

3) R{i-+p) is a multiplier from Li{R, Xa) to F{X) for all p, \p\ < po, 
where F is some rearrangement invariant quasi-Banach lattice; 

4) |(rp,$)| <K||x||c,||x*||||<I||l, for all ^ eS, x e X^, x* G X* and 
\p\ < Po- 

If one of these conditions holds, then the integral 

G{t)x = — (C, 1) / R{is)xe'''ds 

27r ./iB 
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converges for all x G Xa, and \\G{t)x\\ < K\\x\\ae^^^^^ for all p, < 
p< po- Moreover, Mq/ = G * f for f e Li(M, X). 

Proof. 1)^2) is evident. 

2)^3). Assume for simplicity that p = 0. First we claim that Mq 
maps Lp{W, Xa) into Loo(IR, X). To prove this, let us take an arbitrary 
function $ of the form Yl^=i ^i^i 5 where Xi G X^ and $j G S. Then, 
by condition 2), 

It implies that for every n G Z there exists a t G [ra, -n. + 1] such that 

2K 

where cp is the characteristic function of E. For any fixed r G [0,2], 
let us apply the operator Tr to the right-hand side of this inequality. 
Then we get 

\\^ [ T^R{is)^s)e'''ds\\ <CmLAR,x^). 
Now using equality (|l]) we obtain the following 

— / TrR{%sY^{sy''ds = — [ Rits)^s)e''^'+^Us 

2vr iiR 277 Jk 

-— / / Tr^is)e''^^-'^^drds 

27r iiR Jo 

= Mo{^){t + T)-^ [ TMT-r)dr. 

Thus, ||Mo(<l>)(t + r)||^ < C'||$||lj,(m,x„)- By the choice of r and t we 
have the same inequality on the whole real line. Since r was chosen 
arbitrary, the claim is proved. 

Let us observe that the boundedness of Mq is equivalent to the fact 
that R{i-)A-°' is an Lp{R,X) - Loo(M,X) multiplier. 

Denote by X® the sun dual to X on which the dual semigroup is 
strongly continuous (see [[EN|] ). One can easily check, by duality, that 
for a test function $ = Yl^=i ^i^f '^^^ has 

Lg{iR,xe') " '^ ' ' 

where - + - = 1 and A® is the generator of the sun dual semigroup. 
In other words, Mq® maps Li(M,X®) into Lq(M,X®). 
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By what we just proved, Mq is bounded from Li(]R, X®) to Loo(K, X®), 
and again by duality, Mq maps Li(M, X^) into Loo(lR, X), which proves 
condition 3) with F = Loo- 

The proofs of all other implications are completely analogous to those 
of Theorem |2.7| . 

Let us now turn to the second part of our theorem. Although 
its proof is also essentially the same, some comments will be in or- 
der. By Lemma p.2| , proved below, assumption (^ is equivalent to 
sup {||i?(A)||xQ^x : |ReA| < po} < oo- So, the operators S%, intro- 
duced in (^, are bounded from Xa x Li(R) to X. Uniform bounded- 
ness follows from the fact that lim S\j{x, f) exists for all x G X^ and 

N^too 

f G Li(]R) by Lemma ^78[ Consequently, ||/^r||xQ^x < C- Formula (H) 
still makes sense for all x G Xa+2, because then A^x G Xa and all the 
integrals converge absolutely. So, G{t)x exists for all x G Xa, and it is 
continuous in t, t ^ 0. 



Since {x*,G{t)x) = fo(t,a;, x*), by condition 3) and Lemma |2]| 
we have that \{x*,G{t)x)\ < i^e^^'*'||a;||Q,||x*|| almost everywhere and 
hence, by the continuity of G{t)x, for all t G M. Thus, ||G*(t)a:;||j5^ < 
ii'e~^'*'||x||a and the proof is finished. D 



Lemma 3.2. Let S = {\ E C : a < Re \ < b} , a, b E M, be a subset of 
p{A), where a eM., b eM.. Then conditions 

supj^^^ : Ag^I <oo and sup {||i?(A)Aj"|| : A G 5} < oo 

are equivalent. 

Proof. Since b is finite, there are constants c > and (po, < ipo < n 
such that \n — e*'^| > \ii\ + c for all /i G 7 and (po < \ip\ < 71 — ipo. Pick 
N > 1 large enough to satisfy ^ < f and such that whenever A G S* 
and I A I > X , then ipo < \ arg \\ < n — ipQ and A does not belong to 
the sector bounded by the contour |A|7. For all such A we have 

(7) l'"+^-^^'^''l>l'"l + i- 

Let us consider the following integral: 

— -rfp, XeS, IAI > N. 

ft + uj — X 



16 
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By the choice of A^, the integrand does not have singular points between 
7 and |A|7. By the Cauchy Theorem, we have 



fi- 



A|7 



fi + u — X 



djji 



A 



^- 



/i 



J£_ pi arg A 

|A| e 



(i/x. 



Inequahty (|^) imphes that the absolute value of the last integral is 
bounded from above by a constant that does not depend on A, whenever 
A G 5*, |A| > A^. The analogous estimate from below follows from 
geometric considerations. Thus, 

di , ^ , do 
< h < 



|A 

for some positive di and d2. 
Suppose X E X. Then 

1 



lAI 



i?(A)Aj"x 



27ri 



fi-''R{X)R{fi + uj)xdfi 



^hRi\)x - -^ 

2m 2m 



/i" 



--R(/i + uj)xdfi. 



,^ fi + uj — X 

Let us notice that \fi + uj — X\ > K{\fi\ + 1) for some K > and all 

/i G 7, A G 5, |A| > A^, whereas ||-R(/i + ^01)11 < Cj^j—^. Consequently, 



/^" 



-i?(yU + uj)xdfi 



< KJ\x\ 



,^ fi + u — X 
In combination with (||) this gives the following estimates: 

\\R{X)x\ 



\R{X)AZ''x\\ > di 
|i?(A)Aj"x|| < 4 



\\R{X)x\ 

\xr~ 



KAx\ 



for all A G S*, |A| > A^ and x G X, which proves the lemma. 



Remark 3.3. In view of Lemma |3.2| , assumption (P) in Theorem 3J. 
fact, follows from condition 1) or 3). 



D 



m 



Remark 3.4. Just as in the proof of Theorem p.7| one can show the 
following identities: 

(9) G{t) = TtP, t > 

G{t)T^t = -{I-P), t<0 

on Xa, where P is defined as |/ + G{0). 
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Let US now recall the definition of the fractional growth bound uJa{T) 
and its spectral counterpart Sa{A): ^^^(T) is the infimum of all cu G M 
such that ||Tix|| < M^e'^*||x||a, for some M^ > and all x G Xa and 
t > 0, and 

(10) s^{A) = inf L : sup I |^j^^^ : Re A > s| < oo 



As another consequence of Lemma ^^ we get the following inversion 
formula (see |[vlN| ] for the case a = 0). 

Corollary 3.5. Let x G Xa and h > Sa{A). If Ft is defined as in 
Lemma 1^.51, then 



Ft{x) = — (C, 1) f e^'R{X)xd\ 

271"^ jRe\=h 

for all t G M. 

Proof, li h > uj, then our statement is the ordinary inversion formula 
(see Lemma |2.3| ). Otherwise, by the resolvent identity, we have 

R{u + iv)x = (1 - (m - uj)R{u + iv))A~°R{uj + iv)A^x, 

for all u, h < u < uj. So, in view of Lemma |3.2| , lim R{u + iv)x = 

uniformly in m G [/i,u;]. Then, by the Cauchy Theorem, we get 

-^(C,l) / e^'R{\)xd\ = 7r^(C,l) f e^'R{X)xd\ 

27r« JKe\=h 27r2 jReX=uj 

= Ft{x). 

n 

Let us recall the inequality uJa(T) > Sa{A) (see |[Ws|| ). Now suppose 
u > Sa{A) and R{i ■ +uj) is a multiplier from Lp(]R, X^) to Lp{R,X). 
One can easily notice that the implication 1)^4) of Theorem ^]l] was 
proved individually for every p. Thus, 

\{r^,^)\ <\{fu.A)\ < K\\xU\x*\\\mL,. 

However, by Corollary |375| , r^(t) = e~'^*(x*,T(a;), t > 0, which implies 
\\Ttx\\ < e'^*||a;||„. So, w„(T) < u. 

On the other hand, if tu > uJa{T), then ||e^'^*T(||x„^x is exponen- 
tially decaying. Consequently, the operator M^^, being a convolution 
with the kernel e~^'^Tt, maps Lp(R, Xq,) into Lp(]R, X) as a bounded 
operator. Thus, we have proved the following result. 

Theorem 3.6. For any Co-semigroup T on a Banach space X , cl'q,(T) 
is the infimum over all uo > Sa{A) such that R{i ■ -\-uj) is a multiplier 
from Lp{R, Xq,) to Lp{R, X), for some p, 1 < p < oo. 
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Corollary 3.7 (^ [WW| ). If X is a Hzlbert space, then w«(T) = 



Sa{A) for any strongly continuous semigroup T and a > 

There are many results about properties of the constants co'q,(T), Sa{A) 
and relations between them. We refer the reader to paper ||WW|| for a 
detailed exposition of the subject. 

We conclude this section by proving an a-analogue of Perron's The- 
orem, cf. |[LR|| . Let us recall the classical result: a Co-semigroup T 



with generator A is hyperbolic if and only if for every g E Lp(K,X) 
the following integral equation 

(11) u{e) = Te-ru{T) + I Te-s9{s)ds, 9>r, 



has unique solution in Lp(]R, X) (see, e.g. [pLl , Theorem 4.33]). 

In case of arbitrary a > 0, we are looking for a necessary and suffi- 
cient condition on T, which provides existence and uniqueness of solu- 
tion to (|l5) in Lp(M, X) for any given g G Lp(R, X^). It turns out that 
the multiplier property of R{is) is the condition we need. 

Theorem 3.8. Suppose iK. C p{A). Then the following assertions are 
equivalent: 

1) R{i-) is a multiplier from Lp(]R, Xq,) to Lp(]R, X); 

2) for every g G Lp(R, X^) there exists a unique solution of ( f/7| j 
belonging to Lp(R, X). 



Before we prove the theorem let us state one auxiliary fact, see ||MRS 
or |CL|, Prop.4.32]. 

Lemma 3.9. A function u is a solution of ( [71^ if and only ifu G D{V) 
and Tu = —g, where T is the generator of the associated evolution 
semigroup. 

Proof. 2) =^ 1). Denote by L the linear operator that maps g G 



Lp(]R, Xq.) to the corresponding solution of ([TT|) . By the Closed Graph 
Theorem, L is bounded. We prove that actually L = Mq. Indeed, by 
Lemma |3.9| , Lg G D(r) and TLg = —g, for every g G Lp(R, X^,). On 
the other hand, a straightforward computation shows that ii g is a C°°- 
function with compact support, then M^g G -D(r) and TM^g = —g. 
Thus, r(Mof7 — Lg) = 0. However, if Fm = for some u G -D(r), then 
again by Lemma |3]^, m is a solution of (|l^) corresponding to g = 0. 
By the uniqueness, we get u = 0. So, Mog = Lg on a. dense subspace 
of Lp{R, Xa) and boundedness of Mq is proved. 

1) => 2). Suppose Mo is bounded from Lp(R,X„) to Lp{R,X). For 
a fixed C°°-function g having compact support, we show that u = M^g 
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solves (0). Indeed, using (|lD, we get 

u{9) - Te-ru{T) = [ R{is)g{s)e''^ds- f R{is)Te-rg{s)e''^ ds 



Tr f e''^^-'^g{s)dsdr 

Trg{6 - r)dr = / Te_r9{r)dr, 



which is precisely ([TT|). 

Now suppose g is an arbitrary function from Lp(]R, Xq,). Let us ap- 
proximate g by functions (gn) of considered type. Then «„ = Mogn 
converge to u = M^g in Lp(R, X) and, without loss of generality, 
pointwise on a set i? C M with 'mes{W\E} = 0. Thus, (|Tl|) is true 
for u, g and all 6 and r from E. To get ([TTD for all 6 and r, we will 
modify u on the set M.\E. To this end, let us take a decreasing se- 
quence (r„) C E such that limr„ = — cxd. Observe that the functions 
/n(^) = Tg_j.^u{Tn) + J Tg^sg{s)ds defined for 6 > r^ are continuous. 
Since m = /„ = /„ on (+oo,max(r„, r„)] n E, we get /„ = /„ every- 
where in the half-line (+cxd, max(r„, Tm)]. Put u to be /„ on (+cxD,r„]. 
By the above, Ct is a well-defined function on all M. Obviously, u = u 
on E. Let us show that u satisfies (0). Indeed, for any 9 > t and 
r > r„ we have 

Tg_rU{r) + / Tg_sg{s)ds = Tg_r[Tr-rnU{T„) + / Tr-sg{s)ds] 

J T Jt„ 

I 

Tg^s9{s)ds 



Tg_r„u{Tn) + / Tr-sgis)ds = u{6). 

n 



Clearly, assertion 1) in Theorem |3]^ is weaker than condition 1) in 
Theorem \i.l\ We do not know if they are equivalent. In case a = 0, 
though, we can apply the resolvent identity to argue that if R{i-) is a 
multiplier, then R{i ■ +p) is also a multiplier for small values of p. So, 
by Theorem ^]^, this is equivalent to hyperbolicity of the semigroup T, 
and our statement turns into classical Perron's Theorem. 

4. An a-ANALOGUE OF HYPERBOLIGITY 

We begin with a discrete version of Theorem p.l| in the spirit of ||LK], 



Theorem 5]. Denote by RgT the range of an operator T. 
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Theorem 4.1. Suppose iL C p(v4). Then the following conditions are 
equivalent: 

1) X„cRg(/-T20; 

2) The sum {C, 1) ^^g^ R{ik)x exists in X-norm for all x G Xq,; 

3) {R{ik)}k^^ is a multiplier from Lp{T, Xq,) to Lp{T, X) for some/all 
I < p < cxd; 

4) {R{ik)}k£z is a multiplier from LiiT.Xa) to F{T,X), where F 
is some quasi-normed function lattice; 

5) There exists a constant K > such that 



Li(T) 



|(ro,<l>)| = \^ro{k,x,x*)^{k)\ < K\\x\\4x*\\\\^\ 

holds for all x e X^, , x* e X* , and $ G Coo(T). 
Proof 1)^2). Note that 

^R{ik){I - T2.)x = ^ [ e-'''%xdt, 

for all X ^ X. So, 

^{C, 1) Vi?(zfc)(/ - T2^)x = hi + T2^)X. 
fcez 

Thus, 1) implies 2). 

Now assume 1). Denote S = ^(C, 1) X]A:ez-^(^^)^- Then 

(12) (h + S){I- T,^)x = (/ - T2^)(^/ + S)x = X, 

for all X G X^, and 1) follows. 

Following I EH I we denote by K the operator of convolution with the 
semigroup, i.e. 

/.27r 

Kfit)= / TJ{{t-s)[mod27i])ds. 
Jo 

Clearly, K is bounded on Lp{T, X) for all 1 < p < cxd and a > 0. Now 

we define the discrete multiplier operator L by the rule 

L/(^) = J]/^(^fc)/>)e^'=^ 0G[O,27r], 



where / is a trigonometric polynomial. One can check the identity 

(13) K = L{I-T2^) = {I-T2^)L. 

By the assumption and the spectral mapping theorem for the point 
spectrum the operator {I — T2n) is one-to-one. Suppose 1) holds. Then 
(/ — T2^) has the left inverse Ui := (/ — T2^,)'[A^ defined on X^. By 
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the Closed Graph Theorem Ui is bounded as an operator from X^ to 
X. Then (0) says that KUi = L on trigonometric polynomials with 
values in Xq,. So, L maps Lp{T,Xa) into Lp(T,X) for all 1 < p < oo, 
which is what is stated in 3). 

If the assertion in 3) is true only for some p, then as in the proof 
of Theorem |0| , LA'"" maps Lp{T,X) into Loo(T,X). By duality, 
(LA-'^y maps Li(T,X®) into Lg(T,X®) and hence into L^{T,X'^). 
So, LA~°' is a bounded operator from Li(T,X) to Loq(T,X), which 
proves 4) with F = L^{T,X). 

Assume 4). Then for every / G Coo(T,X) there is a 6* G [0,27r] such 
that 



J2RmHk)e''' 



fcez 



<K 



1- 



Applying Tg in the above inequality and using (|T]) we have: 



Y^Rrnhk) 



k&l 



<K' 



In particular, for / = $ ® x the last inequality yields 5). 



^N 



If 5) holds, then taking $ = ^^^^ <!>„ (8)x„, with $„ G Coo(T) having 



disjoint supports we get the following estimates 



iL^lli 



27r 



27r 



sup 



lk*||=i 



N 



^^ro{k,Xn,x*)^n{k)e' 



k6 



n=l kel 



de 






< 



N 

71=1 






^^ r 



n||a II ^n \\ 1 



l-^lli- 



So, we proved 3). 

Finally, similarly to the proof of convergence of the (C, l)-integral 
in Theorem p.l| , we can show that 2) follows from Li-boundedness of 
LA-'^. D 



In Theorem P .71 we have proved that conditions 2) through 4), involv- 
ing multipliers, are equivalent to the hyperbolicity of the semigroup, 
that is, to a spectral property of T. A natural question is to see if the 



multipliers-type conditions 2) through 4) in Theorem 3J. are equivalent 
to a spectral property that could be formulated in terms of T acting 
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on the Banach space X, and not in terms of a space of X-valued func- 
tions. Theorem [4.1| suggests that each of the conditions 2) through 4) 
in Theorem |3.1| imphes that the inclusion Xa C Rg(-2/ — T2n) holds 
for all z from some annulus A containing T. It turns out that this 
inclusion alone is not equivalent to any of the conditions in Theorem 
Tl\ Below we will find the needed complement, but let us first make 



some observations. 

Assume that S is some strip containing the imaginary axes and 
S C p{A). Suppose also that Xa C Rg(^/ — T2n) for all z from 
some annulus A containing T. By the Point Spectrum Mapping The- 
orem {zl — T27r) is one-to-one. Thus, the left inverse operator 11^ = 
(zl — T2n)Je}t ■ -^a — > X exists and is bounded by the Closed Graph 
Theorem. The family U = {Uz}z£A obeys the resolvent identity on 
vectors from X2a- However, to prove analyticity, first of all one needs 
uniform boundedness of U. And that is the condition we are looking 
for. 

Theorem 4.2. Suppose there is a strip S such that iM. G S G p{A). 



Then any of the equivalent conditions of Theorem \3.1\ holds if and only 
if there exists an annulus A containing T such that X^ G R.g{zl — T2n) 
for all z G A, and sup{\\Uz\\xc-*x : z G A} < oo. 

Proof. Suppose that Mp maps Lp(M.,Xa) into Lp(M.,X) for \p\ < 2po- 
By the Uniform Boundedness Principle Mp are uniformly bounded for 
all \p\ < pq. Then, by transference, {R{i{k + + PJfeez is a multiplier 
uniformly in ^ G [0,1) and |p| < po- In view of just proved Theorem 



4.1 we get Xa G Rg{zl — T2Tt) for all z from some open annulus A 
containing T. In order to show uniform boundedness of U, let us look 
at identity ([12|) first. It shows, in particular, that Ui = ]^ + S. Just 



like in the second part of the proof of Theorem p.7| , one can estimate 
||5'||x<i^x by the multiplier norm of {R{ik)}. Rescaling gives the same 
conclusion for all Uz- Since norms of the corresponding multipliers are 
uniformly bounded, the desired result is proved. 

Now let us prove the converse statement. 

Clearly, the family U = {f/^j^eA obeys the resolvent identity on 
vectors from X2a- Since, in addition, it is bounded, the mapping z — > 
Uz is strongly continuous on vectors from X2a and, hence, on all Xa- 
Again by the resolvent identity, Uz is strongly analytic on X20. Since 
for any x G Xa, U^x is the uniform limit of a sequence UzXn with 
Xn £ X2a, UzX is analytic. 

It suffices to show that the integral G(t)x = {C,l) f^R{is)xe^'^^ds 
converges for all x G Xa and there exists a /3 > such that ||(ji'(t)x|| < 

i\:e-^i*i||xlL . 
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So, let US fix x G Xa and t G R. Then for any s e% x = (e^''*'' - 
T2n)Ue2^isX. Thus 

R{is)xe''' = R{is){I-e-'^^''T2^)Ue2.rsxe'''e^'''' 

2-K 



e(^"+*)*" / e~"'TrUe2..sxdr. 



From this we get 
G{t)x 



2-K rN 

hm / Tr 



N^QO 







Ue^TisXe 



{2n+t—r)is I 



N 



1 — —)dsdr 

N 



pZTT pi _ _ 



f.27r /.I 






\s + n\ 

N 



)dsdr 



hm I Tr t Ue2.^sxe^'^^^'-''^'' V e(*-'')'"(l - —)dsdr 



n=-N 



c2-K pi 



^-^Jo Jo 

where J-'^ is the Fejer kernel. Passing to limit inside the integral we 
get 



Git) 



T2n I U^2..sxe''*ds+ I f/e2...xe*'(2^+*)rfs 
Jo Jo 



%^—^ I z'U.xdz + J- I z^^+'U^xdz 



2m 



2m 



T 



if t = mod 271. And 



Z^^+t~tn,oA2njj .^ 



G{t) — Ttmod2'K I ^e 

'o 
- T ^ 

J-t mod 2-K „ 

2m jf 

otherwise. In either case, replacing T by (1 + 5)T, if t < 0, or by 
(1 — e)T, otherwise, we get the desired exponential decay. D 

5. Strong q;-hyperbolicity 

In this section we introduce yet another notion of a-hyperbolicity for 
strongly continuous semigroups. The spectral property we considered 
in the previous section, though strong enough, fails to produce any 
splitting projection, which is so natural in the case a > 0. Therefore, 
we investigate a notion of strong a-hyperbolicity, in which we force 
such a projection to exist. 



24 YURI LATUSHKIN AND ROMAN SHVIDKOY 

Definition 5.1. A Co-semigroup T = (Tt)t>o is said to be strongly a- 
hyperbolic if there exists a projection P on X , called splitting, such 
that PTt = TtP, t > and the following two conditions hold: 

1. o.„(T|j^p) < 0; 

2. the restriction of T on KerP is a group, and uJa{T ^\kctp) < 0, 
where T"^ = (T_i|Kerp)t>o- 

The function G{t) defined as in Definition \2.2^ is called the Green's 
function corresponding to the a-hyperbolic semigroup T. 

It is an immediate consequence of the definition that Green's function 
exponentially decays at infinity on vectors from X^. 

Now we prove an analogue of Theorem |2.7| for a-hyperbolic semi- 
groups. 

Theorem 5.2. A semigroup T is a-hyperbolic if and only if one of the 
equivalent conditions of Theorem |J. i| is satisfied and the operator 

G{t)x = ^{G, 1) / R{is)xe'''ds 
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has a continuous extension to all of X for each t &"^. 

If this is the case, G{t) represents the Green's function. Furthermore, 
the splitting projection is unique and given by 

(14) p = i/ + G(0). 

Proof. Let us prove necessity. 

If T is a-hyperbolic, then there is a splitting projection P. Suppose 
X G {lmP)a- Then by Corollary ^]5| applied to the semigroup T|imp, 
we have Ft{x) = G(t)x. In particular, Px = x = ^x + G{0)x. On 
the other hand, if a; G (KerP)^, then by the same reason, Ft{x) = 
^(C, 1) /jg P(is, —A)xe'^'^*ds = —G{—t)x, where Ft{x) is defined by 

T_tx, t > 
Ft{x) = {^x, t = 0. 
0, t < 

So, Px = = jX+G{0)x. Since Xa = (ImP)Q + (KerP)a is dense in 
X, this shows that G{t) continuously extends to all of X and equality 



(|T^) is true. The uniqueness of P follows automatically from (JT^). 

Since the {Xa -^ X)-norm of G{t) is exponentially decreasing and 
Mo(<l') = G * $ for all $ G S, Mq is bounded from Li(R,X„) to 
Li{R,X). To show boundedness of Mp, it is enough to notice that if 
T is a-hyperbolic, then the scaled semigroup e^'T is also a-hyperbolic, 
for small values of p. 
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Now we prove sufficiency. 

Let us introduce the operator P = |/ + G{0). Since Theorem |2]7 



is vahd, and hence formulas (g) in Remark |3.4| are true, the norm of 
Tt on P{Xa) is exponentially decaying. Consequently, by the ordinary 
inversion formula for Laplace transform, we get G{0)x = |x, for all 
X G P{Xa). This implies P^ = P on all X , in view of the continuity 
of P. So, P is a projection. 

Obviously, PTf = TfP. On the other hand, since P(X„) = (ImP)^, 
we have u;Q,(T|j^p) < and condition 1 of Definition ^]l] is proved. 

To show invertibility of Tt on Im(/ — P), we apply formula (H). It 
implies that ||G(t)||||T_i2;|| > ||a;||, for x in Im(/ — P), and hence, 
T-t\ira{i-p) is invertible. Another application of @ and the second 



part of Theorem 2.7 proves condition 2 in Definition 5.L D 
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